• The Hamiltonian for a many-electron system can be written as :
Potential energy Kinetic energy where the first two terms represent the kinetic energy of the electrons and nuclei, respectively, the third term is the nuclear-electron attraction, the fourth term is the electron-electron repulsion, and the fifth term is the nuclear-nuclear repulsion.
Elementary Quantum Mechanics
Atomic units:
• The Hamiltonian for a many-electron system can be written in atomic units as : To a good approximation one can assume that the electrons move in a field of fixed nuclei
What is a Wave Function?
For every system there is a mathematical function of the coordinates of the system ⇒ the wave function (Ψ)
This function contains within it all of the information of the system.
Properties of a Wave Function
1. The wave function must vanish at the boundaries of the system 2. The wave function must be single-valued.
3. The wave function must be continuous.
A description of the spatial coordinates of an electron is not enough. We must also take into account spin (ω). (Spin is a consequence of relativity.)
α= spin up β = spin down A many-electron wave function must be antisymmetric with respect to the interchange of coordinate (both space and spin) of any two electrons. ⇒ Pauli exclusion principle
Spin Orbitals and Spatial Orbitals orbital -a wave function for a single electron spatial orbital -a wave function that depends on the position of the electron and describes its spatial distribution
The probability of finding electron i in the volume element given by dr. spin orbital -a wave function that depends on both the position and spin of the electron
Hartree Products
Consider a system of N electrons
The simplest approach in solving the electronic Schrödinger equation is to ignore the electron-electron correlation.
Without this term the remaining terms are completely separable.
Consider a system of N non-interacting electrons
Each of the one-electron Hamiltonians will satisfy a one-electron Schrödinger equation.
Because the Hamiltonian is separable the wave function for this system can be written as a product of the one-electron wave functions.
This would result in a solution to the Schrödinger equation
in which the total energy is simply a sum of the one-electron orbital energies
Instead of completely ignoring the electron-electron interactions we consider each electron to be moving in a field created by all the other electrons
From variation calculus you can show that:
where Self Consistent Field (SCF) procedure 1. Guess the wave function for all the occupied orbitals 2. Construct the one-electron operators 3. Solve the Schrödinger equation to get a new guess at the wave function.
The one-electron Hamiltonian h(i) includes the repulsion of electron i with electron j, but so does h(j). The electron-electron repulsion is being double counted.
Sum of the one-electron orbital eigenvalues
One half the electron-electron repulsion energy
What are the short comings of the Hartree Product wave function?
Electron motion is uncorrelated -the motion of any one electron is completely independent of the motion of the other N-1 electrons.
Wave function is not antisymmetric with respect to the interchange of two particles
Consider a 2 electron system with two spin orbitals. There are two ways to put two electrons into two spin orbitals.
Ψ 12
Ψ 21
Neither of these two wave functions are antisymmetric with respect to interchange of two particles, nor do they account for the fact that electrons are indistinguishable…
Try taking a linear combination of these two possibilities
Try the linear combination with the addition.
This wave function is not antisymmetric! What about the linear combination with the subtraction.
This wave function is antisymmetric! An alternative way to write this wave function would be:
Slater Determinants
For an N electron system 
(1s(r 1 )α(ω 1 )1s(r 2 )β(ω 2 ) −1s(r 1 )β(ω 1 )1s(r 2 )α(ω 2 )) 
[ 1s * (r 1 )1s(r 1 )1s * (r 2 )1s(r 2 )dr 1 ∫ ∫
-1s * (r 1 )1s(r 1 )1s * (r 2 )1s(r 2 )dr 1 dr 2 ∫ ∫ α
-1s * (r 1 )1s(r 1 )1s * (r 2 )1s(r 2 )dr 1 ∫ ∫
+ 1s * (r 1 )1s(r 1 )1s * (r 2 )1s(r 2 )dr 1 ∫ ∫
After integrating out the spin coordinates, we're left with only two terms in the integral: 
Coulomb Repulsion
Classically the Coulomb repulsion between two point charges is given by:
where q 1 is the charge on particle one, q 2 is the charge on particle 2, and r 12 is the distance between the two point charges.
An electron is not a point charge. Its position is delocalized, and described by its wave function. So to describe its position we need to use the wave function for the particle, and integrate its square modulus. (in atomic units the charge of an electron (e) is set equal to one.
This is the expression for the Coulomb repulsion between an electron in orbital i with an electron in orbital j. Since is always positive, as is the Coulomb energy is always a positive term and causes destabilization. Slater Determinants
[ 1s * (r 1 )1s(r 1 )2s * (r 2 )2s(r 2 )dr 1 ∫ ∫
-1s * (r 1 )2s(r 1 )2s * (r 2 )1s(r 2 )dr 1
-2s * (r 1 )1s(r 1 )1s * (r 2 )2s(r 2 )dr 1 ∫ ∫
+ 2s * (r 1 )2s1s * (r 2 )1s(r 2 )(r 1 )dr 1 ∫ ∫
(1s(r 1 )α(ω 1 )2s(r 2 )α(ω 2 ) − 2s(r 1 )α(ω 1 )1s(r 2 )α(ω 2 ))
-2s * (r 1 )1s(r 1 )1s * (r 2 )2s(r 2 )dr 1 ∫ ∫ 
1s(r 2 )2s * (r 2 )dr 1 dr 2 + J)
Exchange Integral
The exchange integral has no classical analog.
The exchange integral gets its name from the fact that the two electrons exchange their positions as you go from the left to the right in the integrand.
The exchange integrals are there to correct the Coulomb integrals, so that they take into account the antisymmetrization of the wave function.
Electrons of like spin tend to avoid each other more than electrons of different spin, so the destabilization predicted by the Coulomb integrals is too high. The exchange integrals, which are always positive, lower the overall repulsion of the electron (~25%). 
